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The coefﬁcient of lateral stress at rest K0 is a state soil variable, yet is well correlated to strength. As different types of friction angles can be
deﬁned, it is important to examine the applicability of K0-strength correlation and further clarify the mechanism of K0-stress state. In this study,
the values of K0 were experimentally investigated for different types of granular materials, focusing on its correlation to material strength and the
effect of particle shape and surface roughness. For this purpose, laboratory tests were conducted to directly measure K0 of natural sand,
spherically shaped glass bead, and surface-etched glass bead packings under various stress and soil conditions. Triaxial and other basic property
tests were also conducted to characterize the test granular materials. It was revealed that the effect of material density on K0 differed depending on
the stress history whereas the effect of particle surface roughness, within the range considered in this study, was relatively small. Test results
highlight that the values of the friction angle employed into Jaky's K0 equation to match measured K0 values are not unique, showing a state-
dependent aspect. Inter-particle stress analysis was introduced to assess the correlation of K0 to the friction angle as postulated by Jaky's K0
equation.
& 2013 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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The horizontal effective stress is an important design
component and is often expressed as a portion of the vertical
effective stress using the coefﬁcient of lateral earth pressure at
rest K0. The well-known K0 equation proposed by Jaky (1944,
1948) is commonly adopted to determine the values of K0
based on the correlation to the internal friction angle. Several
modiﬁcations of K0 equation have also been proposed to
account for the effect of the stress history that has substantial3 The Japanese Geotechnical Society. Production and hosting by
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der responsibility of The Japanese Geotechnical Society.inﬂuence on the value of K0 (Wroth, 1973; Mayne and
Kulhawy, 1982; Hanna and Al-Romhein, 2008).
Jaky's K0 equation has been analyzed for the stress
distributions within the wedge-shaped sand pile that were
assumed for the derivation of K0 (Mesri and Hayat, 1993;
Michalowski and Park, 2004; Michalowski, 2005;
Pipatpongsa et al., 2009). It was presented that Jaky's K0
equation is “moderately valid” and sufﬁciently accurate for
the purpose of geotechnical engineering practices (Mayne
and Kulhawy, 1982; Mesri and Hayat, 1993). It is still
intriguing that K0 is well correlated to the friction angle
that represents failure condition as a strength parameter,
whereas it represents a stress state without any indication
to failure. Therefore, the friction angle is an important
parameter to be discussed when considering the application
of Jaky's K0 equation. The peak friction angle (ϕ
0
p) of sands
is composed of the critical-state friction angle ϕ
0
c and the
dilatancy angle ψp (Bolton, 1986). The dilatancy angle ψpElsevier B.V. All rights reserved.
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density. The critical state friction angle ϕ
0
c is an intrinsic
variable that depends only on the inherent soil character-
istics such as particle mineralogy and shape. As ϕ
0
c can be
obtained at the critical state of no volume change condition,
it is also referred to as the constant-volume friction angle
ϕ
0
cv. Because ϕ
0
c and ϕ
0
p differ in magnitude, the values of
K0 from Jaky's K0 equation would also be different
depending on the type of friction angle involved.
According to the analytical derivation of the original Jaky's
K0 equation, the friction angle is the critical-state friction angle
ϕ
0
c, as the repose angle of the sand pile is used into the
derivation, assuming never-densiﬁed, normally consolidated
condition (Jaky, 1944; Mesri and Hayat, 1993). The K0
correlation to ϕ
0
c would be valid for normally consolidated
loose sands in which no marked dilatancy takes place. Yet, this
correlation may not be applicable for dense sands as consider-
able dilatancy occurs with a higher peak friction angle. In fact,
there have been experimental test results that show the
variation of K0 values for given sand in comparison to
calculated results using Jaky's equation (Wanatowski and
Chu, 2007). For a more realistic estimation of K0, therefore,
further clariﬁcation and investigation regarding the friction
angle issue appear necessary.
In this study, the values of K0 are experimentally investi-
gated using different types of granular materials, focusing on
the correlation to strength with consideration of various stress
and density conditions. Three granular materials including
natural sand particles, spherically-shaped glass beads, and
surface-etched glass beads were used in the experiments.
Triaxial and other basic property tests were conducted to
characterize the test granular materials. An inter-particle stress
analysis is presented to further examine the validity of the K0
correlation to the strength of soils.
2. Coefﬁcient of lateral earth pressure at rest
The coefﬁcient of lateral earth pressure at rest, K0, desig-
nates the geostatic stress state as a ratio of vertical to horizontal
effective stresses as follows:
K0 ¼
s′h
s′v
ð1Þ
where s′v and s′h are the vertical and horizontal effective
stresses, both of which are the principal stresses. While K0 can
be determined by directly measuring s′v and s′h under laterally
constrained condition, Jaky's K0 equation is commonly used to
estimate K0 in practice (Jaky, 1944, 1948). According to Jaky,
K0 can be obtained from the stress analysis of a geometrically
symmetric sand wedge, assuming a limit stress state within the
outer plastic zone and equilibrium condition for the inside
elastic zone including the plane of symmetry. It was deﬁned as
the ratio of vertical to horizontal stresses acting on the plane of
symmetry, given by
K0 ¼ ð1− sinϕ0 Þ
1þ ð2=3Þ sinϕ0
1þ sinϕ0 ð2Þwhere ϕ′ is the internal friction angle of soils. The simpliﬁed
form used in current engineering practices is given as follows:
K0 ¼ 1− sinϕ0 ð3Þ
The validity of Eq. (3) was checked and analyzed by various
authors (Mesri and Hayat, 1993; Michalowski and Park, 2004,
Michalowski, 2005; Pipatpongsa et al., 2009). Although
Eq. (3) has been widely used and known to produce a reasonable
estimate of K0, that the state soil variable K0 is well correlated to
the strength parameter ϕ′ is still regarded as an interesting point,
and further investigation appears desirable.
In Eq. (3), it is noted that the friction angle ϕ′ represents the
repose angle of the sand wedge that forms by pouring sand
particles, which was assumed equal to the constant-volume
friction angle ϕ
0
cv for normally consolidated soils (Mesri and
Hayat, 1993). If ϕ′ in Eq. (3) is given as ϕ0cv or ϕ
0
c, K0 should
be unique for a given sand regardless of density condition,
because ϕ
0
cv is an intrinsic variable (Bolton, 1986). However, it
is often observed that K0 varies depending on the density
condition of soils (Mesri and Vardhanabhuti, 2007).
The effect of stress history on the value of K0 is substantial.
For a given soil, K0 for overconsolidated (OC) condition is
higher than for the normally consolidated (NC) condition
(Wroth, 1973, Mayne and Kulhawy, 1982). In order to reﬂect
the effect of stress history on K0, several modiﬁcations into
Eq. (3) have been proposed in a form written as follows:
K0 ¼ K0;NCOCRα ð4Þ
where K0,NC is K0 for normally consolidated conditions, OCR
is the overconsolidation ratio, and α is the exponential
parameter that deﬁnes the effect of OCR on K0. Mayne and
Kulhawy (1982) and Mesri and Hayat (1993) proposed sin ϕ′
for α, while Meyerhof (1976) suggested a constant value of 0.5.
Yet, Eq. (5) suggested by Mayne and Kulhawy (1982) captures
the variation of K0 during the unloading and reloading cycles:
K0 ¼ K0;NC OCR
OCRmaxð1− sin ϕ
0 Þ þ
3
4
1−
OCR
OCRmax
 " #
ð5Þ
where OCRmax is the maximum OCR for a given loading,
unloading and reloading cycle. As the maximum OCR is
introduced, the difference in K0 values during the unloading
and reloading cycles is now accounted for.
3. Experimental program
3.1. Test materials and characterization
An experimental testing program was established and a series
of laboratory tests were conducted to obtain and analyze the
values of K0 for various materials and stress conditions. Three
different granular materials were adopted, which include
Jumumjin sand, glass beads (GB), and etched glass beads
(EGB). The aim of using different granular materials was to
make it possible to take the effect of inherent particle
characteristics into account, including the particle shape, surface
roughness, and angularity, on K0 in a more straightforward
manner. The Jumunjin sand particles were sieved, and the
J. Lee et al. / Soils and Foundations 53 (2013) 584–595586particles ranging between 0.425 mm and 0.85 mm (e.g., sieves
#40 and #20) were collected and used in the test, to presumably
minimize the effect of the ﬁnes content and to make the test
samples equivalent in size, and hence, directly comparable to
glass beads. The grain size distribution of Jumunjin sand is
shown in Fig. 1, which speciﬁes the range of the sand particle
size sieved. The sand particles were uniformly distributed with a
mean particle size D50 of around 0.56 mm. Fig. 2(a) shows the
microscopic image of sand particles taken by the scanning
electron microscopy (SEM), which indicates an irregular and
somewhat angular shape with a rough surface.
The soda lime glass beads (CaO–MgO–Na2O–SiO2) with a
spherical particle shape and smooth surface were selected as
comparative materials. The glass beads particles were nearly
homogeneous with a mean particle size of around 0.5 mm, as
indicated in Fig. 1. The surface roughness was controlled by
etching clean, smooth glass bead surfaces with hydrogen
chloride-based solution (HCl, pH¼170.5). Glass beads were
submerged in the hydrogen solution for 15 s and then
thoroughly rinsed with deionized water followed by oven-
drying at 80 1C. This process produced a uniformly etched
surface, as shown in Fig. 2(c).
Basic property and triaxial (TX) tests were conducted
to characterize the test materials. Fig. 3 shows the triaixal
stress–strain curves for the test materials obtained with
different relative densities at conﬁning stresses of 100, 150,Fig. 1. Grain size distribution of test materials.
500μm
200μm
Fig. 2. SEM images of (a) Jumunjin sand; (b) gand 200 kPa. Based on the results in Fig. 3, the values of the
critical state friction angle ϕ
0
c were obtained at different strain
levels of 15%, 20%, and 25%, as given in Table 1. As shown
in the table, the values of ϕ
0
c are slightly different depending on
the strain level adopted. In this study, considering the
convergence of stress–strain curves shown in Fig. 3, the values
of ϕ
0
c were determined as those obtained and averaged at
ε¼20%, which are equal to 37.81, 27.11, and 30.81 for
Jumunjin sand, glass beads, and etched glass beads, respec-
tively. The values of the peak friction angle ϕ
0
p differed with
the relative density and conﬁning stress. The results of the TX
and other property tests are summarized in Table 2.3.2. Thin-wall oedometer tests
The geostatic or K0 condition represents a stress state under
a horizontally constrained condition with zero lateral strain. In
the laboratory, K0 can be measured using the oedometer test
with pressure cells installed on the side walls of the oedometer
test mold. Other test devices have also been proposed to
measure the K0 that satisﬁes the radial strain limit smaller than
around 5 10−5 (Okochi and Tatsuoka, 1984). In this
approach, it is assumed that stress states achieved within this
limit strain range are close to those of zero lateral-strain K0
conditions. The radial expansion of either membrane or thin-
wall tube can be servo-controlled to maintain the zero lateral
strain condition whereas the complex stress path and multiple
measurement systems are involved (Kolymbas and Bauer,
1993; Ting et al., 1994; Thomann and Hryciw, 1990;
Gareau, et al., 2006). Alternatively, the strain gauges are
attached to the thin-wall tube and the horizontal stress is
directly related to the cell deformation within acceptable strain
regimes (Kolymbas and Bauer, 1993; Zhu et al., 1995).
The oedometer method to measure K0 adopted in this study
consists of an aluminum cylinder of 0.13-mm thickness and
66-mm diameter. A pair of strain gauges (120ohm, CEA-13-
240UZ-120, Vishay) was attached at the middle height of the500μm500μm
100μm 100μm
lass beads; and (c) etched glass beads.
200 kPa
150 kPa
100 kPa
Jumunjin sand
σ′c =
Etched glass beads
150 kPa
100 kPa
c =
200 kPa
150 kPa
100 kPa
c =
200 kPa
Glass beads
σ′
σ′
Fig. 3. Stress–strain curves from triaxial tests for (a) Jumunjin sand, (b) glass
beads, and (c) etched glass beads.
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temperature compensation forming the full-bridge circuit. Note
that this set-up is identical to the experimental conﬁguration by
Shin and Santamarina (2009). The sample height is about 40 mm
with a height to diameter ratio equal to 0.61. Fig. 4 illustrates
the experimental conﬁguration and peripheral electronics. The
voltage response of strain gauges was calibrated and correlated tothe horizontal stress using a water-ﬁlled balloon inside the
cylinder, conﬁrming that the applied vertical stress is equal to
the horizontal stress. The linear calibration factor (V [mV]¼21  s
[kPa]+101.48) was then obtained and introduced to measure K0.
The test materials were placed in the cylindrical mold to
achieve a target relative density and were then subjected to
loading–unloading–reloading process. The horizontal stress for
a given loading step was computed by averaging the voltage
response and by applying the calibration factor. In order to
check the mobilization of shear stress between the wall inner-
surface and test material, preliminary tests were conducted
with grease lubricant-coated and untreated walls. It was
conﬁrmed that no noticeable shear stress develops on the cylinder
wall inner-surface during tests. Different relative densities were
considered for the preparation of test specimens. For Jumunjin
sand, DR¼33% and 84% were adopted as loose and dense
conditions. For glass beads and etched glass beads, DR¼56%
and 80% and DR¼55% and 81% were adopted, respectively.
3.3. Test results and analysis
The changes of K0 with s
0
v for the test materials measured
from the oedometer tests are shown in Fig. 5. The specimens
were loaded up to 111 kPa and unloaded down to 16 kPa.
Reloading was then followed up to 143 kPa beyond the
preconsolidation stress (s
0
p) of 111 kPa as plotted in Fig. 5(a)
for the loose sand (LS, DR¼33%). K0 versus s0v curves
obtained for different test materials with different relative
densities are shown in Fig. 5(b). The K0 values of the dense
sand (DS, DR¼84%) run below those of LS at all the loading
stages. In fact, the results from DS show the lower limit among
the K0 values measured from all the test materials. The lower
values of K0 from the dense sand can be attributed to the strong
force chain along the vertical stress direction due to higher
interlocking, which leads to lower degrees of stress transmis-
sion in the horizontal direction. From Fig. 5(b), it is also
observed that higher K0 values are produced during unloading,
while the horizontal stress during reloading makes the evolu-
tion of K0 run between loading and unloading stages. Once the
stress reaches the preconsolidation stress, K0 remains constant
as the normally consolidated condition prevails.
The effect of particle shape and angularity on the K0
variation can be identiﬁed by directly comparing the test
results from Jumunjin sand (DS, DR¼84%) and glass beads
(GB, DR¼80%) in Fig. 5(b). It is observed that the values of
K0 for DS are lower than for GB, due to the higher degree of
angularity and interlocking of sand particles. The differences
of K0 between DS and GB were about 0.071–0.138 and 0.145–
0.216 within NC and OC ranges, respectively. The effect of
particle surface roughness on K0 can be examined by compar-
ing the test results from glass (GB) and etched glass beads
(EGB) in Fig. 5(b). No marked difference of K0 values
between GB and EGB was observed, implying that the ratio
of the artiﬁcially created surface dents (e.g., ∼5–10 μm) to
particle diameter for EGB ranging from 0.01 to 0.02 imposes
insigniﬁcant impact on K0, while the effect of particle
geometry is predominant.
Table 1
Values of ϕ′c obtained from trial axial tests at different strain levels.
Material DR (%) s
0
c (kPa) s
0
d;c (kPa) ϕ
0
c (1) ϕ
0
c (1) (average)
ε¼15% ε¼20% ε¼25% ε¼15% ε¼20% ε¼25% ε¼15% ε¼20% ε¼25%
Jumunjin sand 40 100 293 301 304 36.5 36.9 37.1 38.0 37.8 37.8
40 150 448 457 462 36.8 37.1 37.3
40 200 567 582 594 35.9 36.3 36.7
65 100 328 317 310 38.4 37.8 37.4
65 150 489 475 472 38.3 37.8 37.7
65 200 653 652 649 38.3 38.3 38.2
90 100 342 336 333 39.1 38.8 38.7
90 150 519 494 491 39.3 38.5 38.4
90 200 680 663 660 39.0 38.6 38.5
Glass beads 60 100 165 167 165 26.9 27.1 26.9 27.2 27.1 27.4
60 150 246 251 244 26.8 27.1 26.7
60 200 325 331 321 26.6 26.9 26.4
90 100 177 180 180.8 28.0 28.3 28.3
90 150 253 252 250.1 27.2 27.2 27.0
90 200 351 349 342.6 27.9 27.8 27.5
Etched glass beads 40 100 195 200 203 29.6 30.0 30.2 30.5 30.8 30.6
40 150 287 293 300 29.3 29.6 30.0
40 200 387 397 407 29.5 29.9 30.3
90 100 216 217 215 31.3 31.4 31.2
90 150 337 336 334 31.9 31.9 31.8
90 200 438 429 427 31.5 31.2 31.1
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Fig. 4. Experimental set-up and conﬁguration for thin-wall oedometer test.
Table 2
Summary of basic properties for test materials.
emax emin Gs D50 (mm) ϕ
0
c ϕ
0
p (1)
Jumunjin sand 0.897 0.600 2.65 0.56 37.81 37.11 (DR¼40%)
38.91 (DR¼65%)
41.31 (DR¼90%)
Glass beads (GB) 0.735 0.600 2.51 0.50 27.11 27.01 (DR¼60%)
28.31 (DR¼90%)
Etched glass beads (EGB) 0.890 0.650 2.51 0.50 30.81 30.01 (DR¼40%)
34.01 (DR¼90%)
J. Lee et al. / Soils and Foundations 53 (2013) 584–595 589The changes of K0 with the overconsolidation ratio (OCR)
are shown in Fig. 6 for DS and LS cases. The similar tendency
of increasing K0 with OCR was observed for both loose and
dense sands in Fig. 6(a). However, the magnitudes of K0
difference (i.e., ΔK0¼K0,LS−K0,DS) between the loose and
dense sands were quite different, as plotted in Fig. 6(b). ΔK0
increases as OCR increases, yet the magnitude of ΔK0 is
noticeably larger for unloading than for reloading. This
indicates that the effect of material density on K0 is greater
in OC condition and, in particular, becomes more pronounced
when unloaded.
Fig. 7 shows the vertical effective stress (s
0
v) versus void
ratio (e) relationship obtained from the oedometer loading tests
for the test materials at different relative densities. Less volume
change is observed for denser materials, while LS and EGB of
DR¼55% show higher compressibility. It is also observed that
the stress hardening continuously develops with no clear
indication to yielding within the loading range up to 143 kPa
applied in the tests.
4. Correlation to strength
4.1. Strength characterization
According to Jaky (1944, 1948), the equation for K0 can be
given as a sole function of the friction angle ϕ′. Different
deﬁnitions of the friction angle are often introduced to describe
shear strength of granular materials. Typical examples include
the critical state friction angle ϕ
0
c, the peak friction angle ϕ
0
p,
and the dilatancy angle ψ. The inter-particle friction angle ϕ
0
sthat develops on particle contact surfaces is another example,
although not frequently used in practice. ϕ
0
s reﬂects the particle
surface condition and contributes to the overall shear strength
of granular materials. For a given material, ϕ
0
p and ϕ
0
s in
general represent the highest and lowest friction angles,
respectively.
For the thin-wall oedometer tests, the conﬁning stress within
the specimen upon loading continuously increases. The
changes in conﬁning stress then produce changes in dilatancy
and thus in peak friction angle ϕ
0
p. The effect of conﬁning
stress and relative density on ϕ
0
p can be quantiﬁed using the
dilatancy equation proposed by Bolton (1986) given as
follows:
ϕ
0
p ¼ ϕ
0
c þ RDIR ð6Þ
where RD¼dilatancy ratio¼3 and 5 for triaxial and plane-
strain conditions, respectively. The dilatancy index IR is
deﬁned as
IR ¼ ID Q−ln
100s′pm
pA
  
−R ð7Þ
where ID is the relative density as a number between 0 and 1;
pA is the reference stress¼100 kPa; s0pm is the mean effective
stress at peak in the same unit as pA; and Q and R are the
intrinsic soil variables¼10 and 1 for typical silica sands
according to Bolton (1986), respectively. In order to obtain
the values of Q and R for the test materials, the correlation
analysis was performed using the triaxial test results with
Eq. (7). The result from the correlation analysis is shown in
Fig. 8. The slope and y-interception of the linear regression
J. Lee et al. / Soils and Foundations 53 (2013) 584–595590lines in Fig. 8 correspond to the values of Q and R in Eq. (7),
respectively. The values of Q and R from Fig. 8 are 8.73 and
1.27, 6.89 and 0.78, and 8.42 and 1.23 for Jumunjin sand,
glass beads, and etched glass beads, respectively.
Once the values of Q and R are identiﬁed, the values of ϕ
0
p
of the test materials can be evaluated using Eqs. (6) and (7) forLoading
Unloading
Reloading
LS, Dr = 33%
0.0
0.3
0.6
0.9
1.2
1.5
0 40 80 120 160
K
0
LS, Dr = 33%
DS, Dr = 84%
GB, Dr = 56%
GB, Dr = 80%
EGB, Dr = 55%
EGB, Dr = 81%
σ′v (kPa)
Fig. 5. Variation of K0 with s
0
v for (a) loose (LS) sand; and (b) test granular
materials of Jumunjin sand (LS and DS), glass beads (GB), and etched glass
beads (EGB).
Unloading
Reloading
Fig. 6. Variation of K0 with OCR: (a) K0 verany stress level during the thin-wall oedometer test, as plotted
in Fig. 9. For Jumunjin sand, ϕ
0
p decreases from 49.41 to 45.21
and 39.51 to 38.51 within the 16.0–111.5 kPa range of s
0
v for
DS and LS, respectively. A similar tendency, that ϕ
0
p decreases
with increasing s
0
v, was observed for GB and EGB.
4.2. Calculated and measured K0 values
The values of K0 were calculated using Eq. (3) with the
different types of friction angles of ϕ
0
p, ϕ
0
c and ϕ
0
s for the test
materials. The values of ϕ
0
c and ϕ
0
p were adopted as those given
in Table 2 and Fig. 9, respectively. For the inter-particle
friction angle ϕ
0
s, the values given in the literature were
adopted because it is difﬁcult to achieve reproducible mea-
surements of ϕ
0
s for granular soils (Sadrekarimi and Olson,
2011). The values of ϕ
0
s were equal to 261 and 171 for
Junmunjin sand and glass beads, respectively, based on the
values reported in Procter and Barton (1974) and Andrawes
and El-Sobby (1973), who presented the values of ϕ
0
s for
similar quartz granular sand particles and glass ballotini. For
etched glass beads, ϕ
0
s was assumed as 211, considering the
difference of around 9–101 between ϕ
0
s and ϕ
0
c for Jumunjin
sand and glass beads.Unloading
Reloading
sus OCR and (b) ΔK0 versus OCR.
0.60
0.65
0.70
0.75
0.80
0.85
0.90
5 50 500
e
Δσ′v (kPa) (log scale)
LS, Dr = 33% DS, Dr = 84%
GB, Dr = 56% GB, Dr = 80%
EGB, Dr = 55% EGB, Dr = 81%
Fig. 7. Void ratio versus s
0
v curves for test materials.
Jumunjin sand: Q = 8.725, R = 1.275
Glass beads: Q = 6.893, R = 0.775
Etched glass beads: Q = 8.419, R = 1.227
Fig. 8. Correlation analysis for strength characterization of (a) Jumunjin sand;
(b) glass beads; and (c) etched glass beads.
25
30
35
40
45
50
55
0 30 60 90 120
φ′ p
 (°
)
σ′v (kPa)
LS DS
GB (M) GB (D)
EGB (M) EGB (D)
Fig. 9. Variation of ϕ
0
p with s
0
v for test granular materials.
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0
p, ϕ
0
c and ϕ
0
s are plotted in
Fig. 10 with measured K0 values included in the same ﬁgure.
Note that the values of K0 obtained from ϕ
0
c and ϕ
0
s are
constant as these friction angles are intrinsic soil variables
independent of the density and stresses. The calculated K0
values using ϕ
0
p represent the lowest range, while those using
ϕ
0
s show the upper bound values. For glass beads and etched
glass beads, the calculated K0 values using ϕ
0
c are in close
agreement with those measured, whereas the measured K0
values for the dense glass beads in Fig. 10(d) were slightly
lower than that calculated using ϕ
0
c. The difference of K0
values measured and calculated using ϕ
0
c for dense glass beads
was 0.04 at the end of load increment, which was relatively
small compared to the difference between the loose and dense
sand cases in Fig. 10(a) and (b).For the dense sand, a similar close match between the
measured and calculated K0 values using ϕ
0
c was observed. For
the loose sand, however, the measured K0 values were higher
than those calculated using ϕ
0
c, and rather close to those
calculated using ϕ
0
s. This indicates that the density effect was
more pronounced for irregularly-shaped natural sands. It was
also observed that K0 values tended to stabilize with increasing
vertical stress attributed to the seating effect.
Based on the results in Fig. 10, the following conclusions
can be drawn: (1) the correlation of K0 to ϕ
0
c is approximately
valid for uniformly round materials, whereas the particle
interlocking affects the correlation for irregularly-shaped
natural sands; (2) the correlation to ϕ
0
p is likely to under-
estimate K0 values. This in turn indicates that deﬁning a unique
K0 correlation to a certain friction angle for natural granular
soils is still challenging, while ϕ
0
s and ϕ
0
p can be regarded as
bounding the range of K0 evolution.
5. Analysis of K0 correlation using inter-particle stresses
5.1. Mobilized stresses
There are two limit horizontal stresses available in a soil
mass, as speciﬁed by the active and passive conditions, both of
which are related to failure condition and thus the internal
friction angle ϕ′. In terms of the magnitude of horizontal
stress, the geostatic stress state with K0 represents an inter-
mediate stress state that lies between the active and passive
stress states. This is illustrated in Fig. 11. As the mobilized
friction angle ϕ
0
mob in Fig. 11 can be given in terms of the
vertical and horizontal geostatic stresses of s′v0 and s′h0, K0
can be deﬁned as follows:
K0 ¼
s′h0
s′v0
¼ 1− sinϕ
0
mob
1þ sinϕ0mob
ð8Þ
While Eqs. (3) and (8) both describe the K0 correlation to
strength, Eq. (3) is more straightforward than Eq. (8) because
mobilized strength ϕ
0
mob is difﬁcult to quantify, whereas ϕ′ for
Measured
LS
φ′s φ′c φ′p
DS
Measured
φ′s φ′c φ′p
GB, Dr = 56%
Measured
φ′s φ′c φ′p
GB, Dr = 80%Measured
φ′s φ′c φ′p
EGB, Dr = 55%
Measured
φ′s φ′c φ′p
EGB, Dr = 81%
Measured
φ′s φ′c φ′p
Fig. 10. Measured and calculated K0 values with s
0
v for (a) loose sand; (b) dense sand; (c) medium glass beads; (d) dense glass beads; (e) medium etched glass
beads; and (f) dense etched glass beads.
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Fig. 11. Mobilized and limit stress states for soil element.
J. Lee et al. / Soils and Foundations 53 (2013) 584–595592Eq. (3) can be uniquely determined for a given soil (Mesri
and Hayat, 1993). Nonetheless, the close correlation
between K0 to ϕ′ needs to be further explained as the
mobilized stress state with ϕ
0
mob is well below the limit
stress state given by ϕ′.
A possible reasoning to explain the correlation between K0,
as a state variable, and ϕ′, as a limit state variable, is the
mobilized inter-particle stresses that are eventually related to
the frictional resistances of particle surfaces and thus to overall
strength of soil. Although the global K0 stresses of s′v0 and
s′h0 exist within the zone below the failure envelope given by
ϕ′, the inter-particle stresses that develop between particles
would represent the limit stress states that initiate particle slips.
The limit stresses are then related to the frictional resistance of
particle surfaces, which can be characterized using the inter-
particle friction angle ϕ
0
s.
σ′v0
σ′h0 σ′hp σ′n
θ
τ
σ′vp
CO
B
τ
σ′n
σ′hp
σ′vp
σ′vp
σ′hp
σ′vp
σ′hp
Fig. 12. Mobilized stress states for (a) global particulate system; (b) idealized particle contact conﬁguration; and (c) highly interlocked particle conﬁguration.
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Fig. 13. Values of K0 with ϕ
0
s for different values of β.
Table 3
Summary of basic properties for test materials of example cases (Wanatowski
and Chu, 2007; Mesri and Vardhanabhuti, 2007).
emax emin Gs D50 (mm) Cu ϕ
0
c (1)
Changi sand 0.916 0.533 2.60 0.30 2.00 33.4
Lake Michigan Beach sand 0.89 0.55 2.65 0.25 2.08 32
Ottawa sand 0.85 0.52 2.65 0.13 1.75 31
Niigata sand 1.06 0.71 2.65 0.26 1.56 33
0.0
0.2
0.4
0.6
0.8
K
0
DR (%)
Jumunjin sand Glass beads
Etched glass beads Changi sand
LMB sand Ottawa sand
Niigata sand
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Fig. 14. Values of (a) measured K0 and (b) β with DR.
J. Lee et al. / Soils and Foundations 53 (2013) 584–595 593Fig. 12 shows the global K0 stress state [Fig. 12(a)] and the
local inter-particle stress states with an idealized particle
contact conﬁguration [Fig. 12(b)] and simpliﬁed interlocked
condition [Fig. 12(c)]. For the idealized particle contact
conﬁguration in Fig. 12(b), the inter-particle stresses s′n and
τ are statically admissible and the mobilized friction angle
given by s′h;p and s′v;p should be equal to the inter-particle
friction angle ϕ
0
s that represents the frictional resistance of
particle surfaces. On local particle contact surfaces, the inter-
particle stresses will continuously develop until particle slip
occurs, which are then related to the global geostatic stresses.
When particles are highly interlocked, as illustrated in Fig. 12
(c) for an example, it is expected that increase in horizontalstress with increasing vertical stress would be much smaller
than for smooth inter-particle condition with less interlocking.5.2. Stress ratio
For the inter-particle stresses acting on particle surfaces
shown in Fig. 12, the local stress ratio K0p between the local
J. Lee et al. / Soils and Foundations 53 (2013) 584–595594principal stresses of s′vp and s′hp can be given as follows:
Kop ¼
s′hp
s′vp
¼ 1− sinϕ
0
s
1þ sinϕ0s
ð9Þ
where K0p is the local stress ration; s′vp and s′hp are the local
vertical and horizontal principle stresses acting between
particles; and ϕ
0
s is the inter-particle friction angle. It is noted
that the magnitudes of s′h;p and s′v;p are larger than s′h0 and
s′v0 for global soil elements because actual contact areas
between particles are much smaller than vertical or horizontal
areas of global soil elements. However, this does not mean that
the stress ratio of s′h;p and s′v;p is larger than that of s′h0 and
s′v0. Rather, the stress ratio should be similar as local and
global equilibriums are to be satisﬁed for any area ratio
between local and global areas. In this aspect, it can be said
that the local stress ratio K0p given by the inter-particle stresses
of s′h;p and s′v;p with Eq. (9) is closely related to the global
stress ratio of K0. The other component that needs to be
considered in Eq. (9) is the effect of particle interlocking. As
Eq. (9) only considers the effect of frictional resistance of local
particle surfaces, the effect of particle interlocking, which
would also affect the strength mobilization and stress propaga-
tion between particles, needs to be addressed for the stress ratio
of inter-particle stresses.
Following the concept of the inter-particle stress state, the
mobilized friction angle ϕ
0
mob is related to the inter-particle
friction angle ϕ
0
s or critical-state friction angle ϕ
0
c as a soil
intrinsic variable. This can be expressed as follows:
ϕ
0
mob ¼ f ðϕ
0
s or ϕ
0
cÞ ð10Þ
While either ϕ
0
s or ϕ
0
c may be used to describe ϕ
0
mob, ϕ
0
c would
be more straightforward as ϕ
0
s is difﬁcult to reproduce and is
rarely used in practice (Sadrekarimi and Olson, 2011). The K0
correlation of Eq. (8) can then be modiﬁed using ϕ
0
c with a
correlation parameter to consider the effect of particle inter-
locking as follows:
K0 ¼
1− sin ðβϕ0cÞ
1þ sin ðβϕ0cÞ
ð11Þ
where β is the correlation parameter that is introduced to
represent the effect of particle interlocking on K0. Eq. (11)
indicates that K0 is controlled by the intrinsic inter-particle
strength characteristics and the degree of particle interlocking.
This justiﬁes and well explains the validity of the K0
correlation to strength as postulated by Jaky's K0 equation.
The values of K0 were calculated using Eq. (11) and plotted
in Fig. 13 as a function of ϕ
0
c for different values of β. It is seen
that K0 decreases as β and ϕ
0
c increase, which is consistent with
what was observed from the oedometer tests. In order to
evaluate the values of β, the back-analysis was performed
using Eq. (11) with the measured K0 values obtained from the
oedometer tests in this study and reported in the literature of
Wanatowski and Chu (2007) and Mesri and Vardhanabhuti
(2007). For Wanatowski and Chu (2007), K0 was measured
using pressure transducers under plane strain condition with
marine-dredged silica sand, called Changi sand. For Mesri and
Vardhanabhuti (2007), the instrumented oedometer testingsystem was used to measure the values of K0 for three different
test sands of Lake Michigan Beach (LMB), Ottawa, and
Niigata sands. Detailed properties for these test sands are
given in Table 3.
The values of measured K0 and back-calculated β are shown
in Fig. 14(a) and (b), plotted as a function of relative density
(DR), respectively. The data points for Jumunjin sand, glass
beads, and etched beads are from this study and those for
Changi, LMB, Ottawa, Niigata sands are from literature. From
Fig. 14(a), it is seen that the values of K0 measured in this
study are generally greater than those obtained from the
literature. In Fig. 14(b), for comparison, the values of β were
grouped into those obtained from this study and from
literature. It is indicated that the similar trend of increasing β
with increasing DR is observed from both groups. This is
reasonable as β was introduced to reﬂect the effect of particle
interlocking on K0.
The correlation of β to DR shown in Fig. 14(b) can be given as
β¼ a½DRð%Þb ð12Þ
where a and b are correlation parameters. The values of a and b
were 0.494 and 0.131 for the test results in this study and 0.1 and
0.439 for the results from the literature. The difference in the
values of correlation parameters is likely due to the different
testing methods and procedure as observed from different range
of K0 values in Fig. 14(a). The accuracy of the testing methods
and the validation of the correlations among these two groups
cannot be clearly identiﬁed from Fig. 14; it is quite clear that β
falls in the range of around 0.4–0.9 increasing consistently with
DR. Despite such limitations and uncertain aspects, the proposed
approach with Eq. (11) and the results in Fig. 14 provide an
effective tool for explaining the validity of the K0 correlation to
strength.
6. Summary and conclusions
In this study, the values of K0 were investigated using
different types of granular materials, focusing on the correla-
tion to strength. For this purpose, a series of laboratory tests
were designed and conducted to characterize the test materials
and to measure K0 under various test conditions. Sand
particles, glass beads, and etched glass beads were used in
the testing program. Inter-particle stress analysis was presented
to analyze and validate the correlation of K0 to strength
of soils.
Denser sand showed lower K0 values. The effect of material
density on K0 was greater in the OC range than in the NC
range, and in particular becomes more pronounced when
unloaded. In regard to the effect of particle shape and
angularity, the lower values of K0 were observed from angular
Jumunjin sand particles than from glass beads, due to
angularity and interlocking effects. The effect of particle
surface roughness was relatively small in the range considered
in this study.
From the comparison of K0 values measured and calculated
using Jaky's equation, it was found that the correlation of K0
to ϕ
0
c is valid and effective for uniformly round glass beads.
J. Lee et al. / Soils and Foundations 53 (2013) 584–595 595The correlation of K0 to ϕ
0
c may produce results with errors for
irregularly angular particles for which particle interlocking
plays an important role in stress propagation and strength
mobilization. The introduction of ϕ
0
p is likely to result in overly
underestimated K0 values for angular sand particles.
An inter-particle stress analysis was introduced to check and
validate the K0 correlation to strength, based on the mobilized
strength of soil element and inter-particle frictional resistance
between particles. An inter-particle strength-based relationship
for describing the K0 correlation was proposed which takes the
interlocking effect of particles into account. The proposed
approach provides an effective tool for explaining the K0-
strength correlation. The values of correlation parameter were
evaluated using the test results in this study and literature.
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